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Abstract—The radiation instability in a split-cavity asymmetric
resonator is considered for the relativistic case. The space charge
of an electron beam is taken into account. In the small-signal
approximation, the energy loss by particles passing through the
resonator and the modulation of beam current are investigated.
Based on analytical and numerical calculations, it is shown that
the symmetric configuration of a split-cavity resonator provides
the highest rate of instability growth. It is shown that the beam
modulation and the efficiency of energy transfer from particles
to electromagnetic field decrease with the increase in the initial
electron energy. The increase in beam density has a positive
effect on the radiation instability growth. It is important to take
into account the obtained results when developing generators of
electromagnetic radiation and systems for modulating the beam
current based on a split-cavity resonator.

Index Terms—electron beam modulation, radiation instability
of a beam, space charge, generation of electromagnetic radiation,
microwave radiation, split-cavity resonator.

I. INTRODUCTION

M ICROWAVE electromagnetic radiation is used in vari-
ous fields of science and technology, e.g., for plasma

heating, radiolocation, acceleration of charged particles, etc.
Thus, the widespread use of microwave radiation leads to the
constantly growing interest in the development and improve-
ment of generators operating in the microwave range.

One direction of the high-power microwave radiation re-
search is devoted to systems based on the transit-time ef-
fect. Such generators as a transit-time oscillator (TTO) or
monotron [1]–[3], split-cavity oscillator (SCO) [4], super-
reltron [5], double-foil SCO [6], [7] can produce powerful
microwave radiation using high-current electron beams with-
out the need of applying the magnetic field.

Marder and his colleagues presented a detailed computer
simulation of particles in the resonator [4]. In the case of a
small signal, the Marder team developed a method for estimat-
ing the resonator parameters providing efficient modulation of
a non-relativistic electron beam in the cavity.

The key element of the generator is a split-cavity resonator.
This resonator provides the modulation of a high-current
electron beam over a short length. This makes possible the
development of radiation sources without a magnetic guiding
system. The operation of the Marder generator is based on the
transit-time effect arising from the interaction of an electron
beam with the electromagnetic field of a split-cavity resonator.
According to [4], as the result of such interaction, the radiation
instability of the electron beam develops. The electron beam
becomes modulated. It should be emphasized that the structure
of the electromagnetic field in the generator allows effective

Fig. 1: Schematic representation of the asymmetrical resonator.

interacting of radiation with a beam, the cross-section of which
is proportional to the area of the grid.

However, it should be noted that the abovementioned studies
were carried out for the case of non-relativistic beams and
symmetrical resonators. In this regard, we further consider
the case of a relativistic electron beam passing through the
asymmetrical resonator. The influence of the beam space
charge on the modulation efficiency and the rise time of the
field in the resonator are also estimated. It is shown that a high-
current beam can be used to generate stimulated radiation in
the relativistic case.

II. INTERACTION OF CHARGED PARTICLES WITH AN
ELECTROMAGNETIC FIELD IN RESONATOR

Let’s consider a cylindrical resonator divided into two parts
(sections) by a conductive grid or foil transparent for particles
(Fig. 1). The electrodynamic coupling between the resonator
parts is ensured by the gap between the dividing grid and the
side wall. Such a resonator has an additional set of eigenmodes
as compared to a hollow resonator of the same size. One of
these modes is the operating mode of the generator. In the
resonator sections, the longitudinal components of the electric
field of the operating mode are oppositely directed (Fig. 2).

The electron beam moves along the symmetry axis of the
cylindrical resonator and interacts with the operating mode.
Under the action of the longitudinal component of the electric
field, the velocity modulation of the electron beam occurs and
the kinetic energy of the particles changes. If this change turns
out to be negative, then there is an effective transfer of energy
from charged particles to the electromagnetic field. As a result,
radiation instability arises. The emission of electromagnetic
waves starts with spontaneous transition radiation.

In the small-signal approximation, the SCO with sym-
metric resonator was considered in detail in [4], [8]. This
approximation is applicable for weak fields and, therefore,
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Fig. 2: Distribution of the longitudinal component of the
electric field of operating mode.

describes the initial stage of generator operation. Now, we
investigate the radiation instability of a relativistic beam in
a asymmetric resonator. In the case of asymmetric resonator,
section lengths are not equal to each other. The small-signal
approximation is applied. The main goal is to determine
parameters providing the most efficient energy transfer from
particles to the electromagnetic field.

For a resonator with unequal sections, the structure of the
operating mode was calculated with the Superfish software
package [9]. Numerical calculations have shown that the
longitudinal component of the electric field E acting on a
single electron moving near the resonator axis is described by
the expression

E =


E0 sin(ωt+ Θ) 0 ≤ z < g

−E0

ζ
sin(ωt+ Θ) g ≤ z ≤ g(1 + ζ)

, (1)

where Θ is the phase of the electromagnetic field at the
moment when the particle enters the interaction region, g is
the first section length, ζ is the length ratio of two sections,
z is the coordinate of the particle, ω is the operating mode
frequency that is specified by the geometry of the resonator,
and E0 is the electric field amplitude. Time t is counted from
the moment when the particle enters the resonator. One can
note that when the particle crosses the separation grid, the
electric field changes sign. Also, the absolute value of the
field reduces in ζ times.

Let’s find the change in the kinetic energy of electrons under
the action of the field E. Up to an insignificant factor, the
energy change averaged over the phase Θ can be written as
follows

∆K =
1

ε2x

(
1 +

1

ζ

) { 1

2π

∫ 2π

0

(√
(βγ)2 + 1

γ0
− 1

)
dΘ

}
.

(2)

Here, γ =
1√

1− β2
is the particle gamma factor at the

resonator exit, β = v/c, v is the particle velocity at the
resonator exit, v0 is the initial particle velocity, c is the speed of
light in vacuum, γ0 is the gamma factor of the particles at the

resonator entrance, ε =
eE0

mecω
is dimensionless electric field

strength, me is particle mass, e is elementary charge, x =
ωT0
2π

is the dimensionless length of the first section, T0 =
g

v0
is

the time of flight of particles through the first section in the
absence of fields. It should be noted that the value of ε is
defined in the article differently than in [4]. This is done to
leave the dependence of ∆K on the particle velocity v in an
explicit form. In the small-signal approximation, it is assumed
that the dimensionless field amplitude ε is small (ε� 1). The
normalization on the field energy in the resonator is applied
to determine the conditions under which the fastest growth
of the modulating field in the resonator is observed. With the
specified normalization, ∆K turns out to be proportional to
the instability increment.

To calculate ∆K, it is necessary to find the particle veloci-
ties at the resonator exit. Therefore, the equations of particles
motion in two sections are to be solved. For the first section,
the equation can be written as

dp

dt
= −eE0 sin(ωt+ Θ) , (3)

and initial conditions are
z|t=0 = 0

dp

dt

∣∣∣∣
t=0

= p0

, (4)

where p is the electron momentum at the time t, p0 is the
initial electron momentum. Integrating the expression (3) and
dividing it by cme, one obtains

βγ = β0γ0 + ε (cos(ωt+ Θ)− cos(Θ)) = F0(t) . (5)

Let’s solve the equation (5) with respect to the particle
velocity v = βc. As the particle moves in the positive z
direction, one gets:

z =

∫ t

0

cF0(t′)√
1 + F 2

0 (t′)
dt′ . (6)

In the small-signal approximation (ε� 1), the time of flight
of a particle through the first section is given by the expression

T1 = T0 +
ε {T0ω cos(Θ) + sin(Θ)− sin(T0ω + Θ)}

γ30βω
. (7)

For the second section of the length ζg, the equations
of motion and initial conditions are similar. But the initial
velocity of each particle is the velocity v1 of the particle when
it enters the second section. In this case, the phase at the
moment of entry is equal to (ωT1 + Θ). As a result, for ∆K,
one obtains the following expression
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∆K = − 1

ζLγ40

{
−1− ζ − ζ2 + ζ(1 + ζ)×

× cos

(
2πL

1 + ζ

)
+ (1 + ζ) cos

(
2πζL

1 + ζ

)
+

+ζ

[
− cos(2πL) + +πL

(
sin

(
2πL

1 + ζ

)
+

+ sin

(
2πζL

1 + ζ

)
− sin(2πL)

)]}
. (8)

where L = x(1+ζ) is the dimensionless length of the system.
For symmetric resonator, (8) is simplified as

∆K =− 8

Lγ40

{
πL cos

(
πL

2

)
− sin

(
πL

2

)}
×

× sin3

(
πL

2

) . (9)

Expression (9) coincides with that given in [4] up to a

coefficient
1

2γ40
. The 1/2 appears due to the differences in

the normalization and definition of ε, and the factor γ−40

arises due to relativity. The presence of the coefficient
1

2γ40
in

expressions (8) and (9) indicates a decrease in energy losses
with an increase in the Lorentz factor γ0. Consequently, the
Marder’s generator is suitable for operation with weakly and
moderately relativistic beams.

Without loss of generality, further calculations is performed
at a fixed value β0 = 0.1. As follows from the dependence ∆K
on L and ζ shown in Fig. 3, there are such values of parameters
L0 and ζ0 at which the energy losses are maximal: L0 = 0.53
and ζ0 = 1. One notes that the condition ζ0 = 1 corresponds
to a resonator with equal section lengths. With a fixed cavity
length L0 = 0.53, the shift of the separation grid away from
the symmetric position (Fig. 4) leads to insignificant changes
in ∆K. For symmetric configurations (ζ = 1), a significant
decrease of ∆K is observed when the length L deviates from
the optimal value L0 = 0.53 (Fig. 5).

Energy losses by particles are observed in a wide range of
dimensional lengths L = ωg(1 + ζ)/2πv0. As a result, it is
possible to obtain radiation beam instability in a wide range
of electron energies for every fixed length g (Fig. 6).

It should be noted that the optimal length of the resonator
(2πv0L0)/ω ≈ (3.3v0)/ω tuned to the specific frequency
ω decreases with the decrease in initial particle velocity v0.
Consequently, at very low electron energies, the whole length
of the system corresponding to the maximum energy losses
is small. The small length of the resonator leads to the fast
overlap of the electrodynamic structure by the plasma formed
by the interaction of the beam with foils. As a result, the
radiation emission stops. Moreover, large energy losses of
electrons in the resonator foils is observed at low particle
energies. In the ultrarelativistic case γ0 � 1, the energy
transferred from the particles to the field decreases noticeably.
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Fig. 3: Dependence of the electron energy losses on the
resonator size L and the ratio of the section lengths ζ.
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Fig. 4: Dependence of the electron energy losses on the ratio
of the section lengths ζ at L = 0.53.
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Fig. 5: Dependence of the electron energy losses on the cavity
size L at ζ = 1.

Analytical calculation

Numerical calculation

0.0 0.2 0.4 0.6 0.8
β0

2.0

1.5

1.0

0.5

Δ

Fig. 6: Dependence of the electron energy losses on the initial
electron velocity β0 at L = 0.53 and ζ = 1.
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Fig. 7: Dependence of the electron energy losses on the ratio
of the section lengths ζ at L = 0.53 taking into account the
space charge.

Besides, the fields required for effective modulation of the
electron beam also increase significantly.

In order to obtain higher output power with a specific
resonator configuration, it is necessary to increase the beam
current. This leads to an increase in the current density and,
consequently, the space charge field. For this reason, it is
required to take into account the space charge of electron beam
when studying the energy losses of particles.

Let assume that the beam cross-section is uniform and
only the longitudinal component of the beam electric field
is nonzero. In this case, the equation of motion and initial
conditions have the following forms, respectively,

dp

dt
= −eE0 sin(ωt+ Θ) +meω

2
p

(
z − g

2

)
(10)

and 
z|t=0 = 0

dp

dt

∣∣∣∣
t=0

= p0

. (11)

Here, ωp =

√
nee

2

meε0
is the plasma frequency, ne is the

electron concentration, and ε0 is the electric constant. For
further analysis, one defines a dimensionless quantity S =

ωp
ω

characterizing the current density in the system. Based on
the results above, one finds the optimal values of the system
parameters (L, ζ, S) providing the maximum energy loss by
particles. The study is carried out near the values L0 = 0.53
and ζ0 = 1. The results of the numerical solution of the
equation (10) are shown in Fig. 7, Fig. 8 and Fig. 9. At
small values of S, the parameters L and ζ corresponding to
the greatest energy losses practically do not change. Thus,
at S = 0.3 and S = 0.5 the dimensionless lengths are
L0.3 = 0.52 and L0.5 = 0.50, respectively. The change in
the parameter ζ is insignificant, and ζ = 1 can be assumed.
The dependence of the ∆K on the particle velocity considering
the space charge is the same as without it (Fig. 9). Thus, the
presence of the field of the beam does not lead to a significant
change in the optimal parameters of the resonator. Moreover,
the space charge increases the efficiency of energy transfer
from particles to the electromagnetic field. As shown in [10],
this behavior is also typical for the nonrelativistic case.
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Fig. 8: Dependence of the electron energy losses on the cavity
size L at ζ = 1 taking into account the space charge.
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Fig. 9: Dependence of the electron energy losses on the initial
velocity β0 at ζ = 1 taking into account the space charge.
For each value of S, the dimensionless length L is chosen to
maximize energy losses.

III. ESTIMATION OF THE FIELD RISE TIME IN THE
RESONATOR

The results obtained above allow one to estimate the growth
rate of the electromagnetic field in the resonator. The initial
field in the resonator arises due to the generation of sponta-
neous transition radiation by the electron beam. Spontaneous
emission processes determine the field in the cavity only
at the initial stage of SCO operation. With the instability
development, the induced radiation begins to dominate.

Let’s estimate the growth rate of the field in the resonator
in the small-signal approximation. It can be assumed that the
distribution of the radiation field in the resonator with a beam
is the same as in the resonator without a beam [11]. Then, the
field energy in the entire resonator is found by integrating the
electromagnetic field density over the resonator volume:

Wres = E2
0ε0

(
Vres
ζ

)∫ 1

0

xJ2
0 (xη01) dx , (12)

where Wres is the energy of the electromagnetic field in the
resonator, J0 is zero-order Bessel function, η01 is the first
root of the zero-order Bessel function, E0 is the maximal field
amplitude in the resonator, Vres is the resonator volume which
is defined as Vres = g(1 + ζ)πR2, R is the resonator radius.

Let’s find the power PSCO of the radiation generated
through the transit-time effect when a homogeneous elec-
tron beam is passing through the resonator. Combining the
expression for the distribution of the electric field in the
resonator [11], the expressions (2) and (12), one obtains



5

PSCO =
2γ0eI0|∆K|

∫ Rb
R

0
xJ2

0 (xη01) dx

meω2ε0Sres
R2

b

R2

∫ 1

0
xJ2

0 (xη01) dx
Wres = α1Wres ,

(13)
where Rb is the electron beam radius, Sres is resonator cross-
sectional area. One notes that the expression for the radiation
power [13] includes ∆K which determines the change in
PSCO when varying parameters ζ, S, L.

Let the resonator have a Q-factor Q > ω/α1. Then, the
energy balance equation in the resonator has the form:

dWres

dt
=

(
α1 −

ω

Q

)
Wres + Ptr , (14)

where Ptr is spontaneous transition radiation power.
Solving this equation with zero initial condition

(Wers|t=0 = 0), one obtains:

Wres =
Ptr

α1 −
ω

Q

(
exp

{(
α1 −

ω

Q

)
t

}
− 1

)
. (15)

This expression makes it possible to estimate the instability
rise time. Let’s consider a specific example: the resonator
radius R is 60 mm, the beam radius Rb is 30 mm, particle
energy is 300 keV, frequency ω is 3 GHz, Q = 103. With these
parameters, the length of the resonator section is g = 20 mm
(ζ = 1) that corresponds to the maximal energy loss by the
electron beam. Let the beam current be I0 = 3 kA (S = 0.5).
It can be shown that in this case the characteristic power of the
spontaneous transition radiation is be about 110 µW. With such
parameters, the rise time of instability up to the value ε = 0.05
which corresponds to the field strength E0 ≈ 16 kV/cm is

about 40 ns. The time constant is τ =

(
α1 −

ω

Q

)−1
≈ 2 ns.

IV. MODULATION OF AN ELECTRON BEAM PASSING
THROUGH A SPLIT RESONATOR

In the resonator considered above, the non-uniformity in
the velocity distribution of charged particles occurs, and, due
to the finite dimensions of the system, the non-uniformity of
the beam density takes place. Thus, it is possible to modulate
high-current electron beams [4]. The SCO can be used as a
modulating system for other generators.

Let’s consider the process of electron beam bunching. From
the moment of time t0, ∆N = J0∆t0 particles enter the
resonator during the time ∆t0 (J0 is the current of the
unmodulated beam). Let’s define tf as the moment when
particles, entered the resonator at the time instant t0, exit it.
Then the number of particles leaving the interaction region at
the time tf is equal to ∆N = J∆tf . Dealing with infinitesimal
quantities, one obtains the expression for the beam current J
at the resonator exit

J = J0

(
dtf
dt0

)−1
. (16)

Solving the equations of motion (3) with the initial condi-
tions (4) and the initial phase of the field (Θ +ωt0) yields an
explicit expression for the beam current J (16).

For convenience, one introduces the normalized variable
component of the beam current j

j =
1

ε

(
J

J0
− 1

)
, (17)

where ε′ is defined as

ε′ =


eE0

ζmev0ω
, ζ < 1

eE0

mev0ω
, ζ ≥ 1

. (18)

It should be noted that the choice of such a normalization
is due to the fact that there is a limiting value for electric field
strength, limited by the electric breakdown.

The explicit expression for j can be written as fallows

j′(L, ζ, t0) =
1

β0γ30

{
− 2πζL sin

(
2πL

ζ + 1
+ ωt0

)
−

− ζ cos(ωt0) + ζ cos

(
2πL

ζ + 1
+ ωt0

)
+

+ cos

(
2πL

ζ + 1
+ ωt0

)
+ 2πζL sin(ωt0)−

− cos(2πL+ ωt0)

}
×


1, ζ < 1

1

ζ
, ζ ≥ 1

.

(19)

To achieve the maximum efficiency of the energy conversion
from the electron beam to the electromagnetic energy, it is
necessary to obtain the maximum modulated beam current. For
this purpose, the influence of system parameters on modulation
should be investigated.

Fig. 10 shows the dependence of j on the parameters ζ and
L at the specific particle energy, (the j is normalized to the
maximum value in the given range). Based on these results, it
can be concluded that the maximum beam modulation will be
observed for a symmetric resonator ζ = 1 with the maximum
possible length. (The length is limited by the condition for
radiation instability development ∆K < 0). However, in order
to ensure the shortest rise time of the field in the resonator,
parameters should be close to ζ = 1 and L = 0.53.

As follows from dependence shown in the Fig. 11, the j
decreases significantly while increasing the particle velocity.
Consequently, effective current modulation is observed for
weakly and moderately relativistic beams.

Taking into account the space charge of the beam, let’s
consider the behavior of j. Fig. 12 shows the dependence of
the amplitude j on S when ζ = 1 and L = 0.53. Analysis of
Fig. 12 shows that with an increase in S, the beam modulation
increases.

It should be noted that it is necessary to maintain the balance
between the energy transferred from the beam to the elec-
tromagnetic field and the efficiency of the beam modulation.
The increase in transfared energy shorten the rise time. The
efficient modulation provides the maximal amplitude of the
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Fig. 10: Dependence of j, normalized on the maximum value,
on the parameters ζ and L.
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Fig. 11: Dependence j on the initial velocity β0 of the particle.
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Fig. 12: Dependence j on the initial velocity β of the particle.

variable component of the beam current. While maintaining
the balance, it is possible to achieve maximal modulation of
the electron beam and radiation emission.

V. CONCLUSIONS

In this work, the radiation instability of a relativistic elec-
tron beam in the asymmetric split resonator is theoretically
investigated. In the small-signal approximation, expressions
for the energy losses of electrons and the rise time of the
field in the resonator are obtained. Moreover, the modulation
of electron beams in SCO is investigated. It is shown that

SCO can be used not only as a radiation source, but also as
the beam modulating system. The analysis of the expressions
obtained allows one to draw the following conclusions. Firstly,
the resonator with equal-length sections provides the highest
efficiency of the energy transfer from the electron beam to the
electromagnetic field and the maximum amplitude of the beam
current oscillations. Secondly, there is the optimal resonator
length that provides minimum rise time of the field amplitude
and the most efficient conversion of the electron beam energy
into the field energy. Thirdly, the efficiency of the generator
falls dramatically when γ0 � 1. Fourthly, an increase in the
beam density leads to the increase in the energy losses of
electrons and the degree of beam modulation.
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